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Abstract 

Nonlinear realizations describing the spontaneous breakown of supersymme- 
try and R symmetry are constructed using the Goldstino and R axion fields. 
The associated R current, supersymmetry current and energy-momentum ten- 
sor are shown to be related under the nonlinear supersymmetry transforma- 
tions. Nonlinear realizations of the superconformal algebra carried by these 
degrees of freedom are also displayed. The divergences of the R and dilatation 
currents are related to the divergence of the superconformal currents through 
nonlinear supersymmetry transformations which in turn relates the explicit 
breakings of these symmetries. 
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1. INTRODUCTION 



Effective Lagrangians based on nonlinear realizations of spontaneously broken symme- 
tries provide an extremely useful, model independent, way of ensapsulating the dynamical 
constraints mandated by the symmetry breakdown [1]- [2]. Such techniques have been suc- 
cessfully applied to a wide range of physical problems most notably in the form of nonlinear 
sigma models [3]. In this paper, we construct nonlinear realizations of spontaneously broken 
supersymmetry (SUSY) and R symmetry. If supersymmetry is to be realized in nature, it 
must be as a broken symmetry. The breaking mechanism which maintains the perponder- 
ance of the dynamical constraints of the symmetry and hence is theoretically most attractive, 
is a spontaneous one. 

Thus we envision some underlying theory in which both the supersymmetry and the 
R symmetry are spontaneously broken. The specific dynamics responsible for the symme- 
try breakings is left unspecified. As such, we allow for the possibility that the dynamics 
producing the SUSY breaking has a completely different origin than that producing the R 
symmetry breaking and moreover that the scales at which the symmetry breakings occur 
could be completely independent. 

The relevant effective Lagrangian describing the low energy degrees of freedom contains 
the Nambu-Goldstone fermion of spontaneously broken supersymmetry [4]- [5], the Gold- 
stino, and the (pseudo-) Nambu-Goldstone boson of spontaneously broken R symmetry, the 
i?-axion. Moreover, if the spontaneously broken supersymmetry is gauged, the erstwhile 
Goldstino degrees of freedom are absorbed to become the longitudinal (spin 1/2) modes 
of the spin 3/2 gravitino via the super- Higgs mechanism. As such the dynamics of those 
modes are given by that of the Goldstino. In the next section, we construct the nonlinear 
reahzation of SUSY in terms of these Nambu-Goldstone modes leading to actions invariant 
under nonlinear SUSY, but possibly containing some soft explicit R symmetry breaking 
in addition to its spontaneous breaking. Next, the R current, supersymmetry currents and 
energy-momentum tensor are obtained and shown to be related under nonlinear SUSY trans- 
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formations. Finally, we construct the nonlinear realization of the superconformal algebra 
using these Nambu-Goldstone fields and form the superconformal currents and dilatation 
currents. We explicitly display how the divergence of the R current and divergence of the 
dilatation current are related to the divergence of the superconformal current through the 
nonlinear SUSY transformation thus relating the various R, scale and superconformal ex- 
plicit symmetry breaking terms in the effective Lagrangian. 
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2. NONLINEAR REALIZATIONS OF SUSY AND R SYMMETRY: INVARIANT 

ACTIONS 



A method [2] for constructing nonlinear realizations of spontaneously broken internal 
symmetries employs the construction of the coset group element whose coset space coordi- 
nates are the Nambu-Goldstone bosons and then extracting the changes in these coordinates 
under group multiplication. This procedure requires a slight modification for spontaneously 
broken spacetime symmetries [6]- [7]. This follows since motion in the coset space is ac- 
companied by motion in spacetime. Since the supersymmetry generators, Qa,Qd, and the 
i?-symmetry charge together satisfy the supersymmetry algebra [8]: 

[F^Q,] = [p^Q^] = [F^/^] = o 

[R,Qa] — Qa ; [R,Qa] = —Qa, (2.1) 

where are the spacetime translation generators, it follows that both supersymmetry 
and R symmetry constitute spacetime symmetries. Consequently, to construct nonlinear 
realizations of spontaneously broken supersymmetry and R symmetry, one needs to include 
the product of the unbroken translation group element along with the coset group elements. 
Such a product of translation and coset group elements is given by 

n{x, A, A, a) = e-'^''-P''e'(^"(^)'2«+^<^(^)^'')e'"(=^)-^ = Q{x) . (2.2) 

Here A°, Aq are the 2-component Weyl spinor Goldstino fields of the spontaneously broken 
supersymmetry and a is the i?-axion field, the (pseudo-) Nambu-Goldstone boson of the 
spontaneously broken R symmetry. They act as the coordinates of coset space corresponding 
to symmetry pattern: Poincare x Supersymmetry x R — > Poincare. Next define the group 
element 

^(0,e,e,p) = e^^^"««+^"'^'5")e^pi^, (2.3) 

where £ire spacetime independent 2-component Weyl spinors parametrizing the SUSY 

transformations while the spacetime independent p parametrizes the i?-transforamtion and 
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consider the product g{0,^,^, p)Q,{x, X,X,a). Exploiting the supersymmetry algebra, Eq. 
(2.1), this product of group elements is seen to again take the form of a product of translation 
and coset group elements but with translated spacetime points and coset coordinates. That 
is, 

g{0, e, e, pMx, a, a, a) = e--M^''e^(^'"(-')Qa+A^ {a.')Q'^)e-'(-')« ^ Qt^^'^ y. A', a') = n'{x') . 

(2.4) 

For any field 0' the total (A) variation is defined as 

(f)''{x')^(l)\x) + A4)\x). (2.5) 
The total nonlinear SUSY and R variations of the Nambu-Goldstone degrees of freedom are 
AQ(^,OA"(x) = r ; A«(p)A"(x) = ^pA"(x) 

^Q{^,0^a{x) = U ; Ai?(p)Ad(x) = -ipXa{x) 

AQ(e,Oa(a;) = ; An{p)a{x)=p. (2.6) 

Here Aq{^,0 = ^Aq^ + Ag^^e and Ar{p) = pAr. 

The accompanying movement in spacetime is given by 

x'l" = x'' + Ax^ , (2.7) 

with 

AQ{^,Ox^^-A^{i,0 ; A«(p)x'^ = (2.8) 

and 

A'ic, = -i[m<^'c - e^^A(x)] . (2.9) 

In general, an intrinsic (5) variation is defined as 

5(f)\x) = (l)''{x) - (t)\x) = A(l)\x) - Axi'd^(t)\x) (2.10) 
which for nonlinear SUSY and R take the form 



^Qit 0^a{x) = 6i + A''(C, Odf^>^a{x) ; Sr{p)K{x) = -ipXa{x) 
SQi^,0<^) = A'^{^,Od,a{x) ; 6R{p)a{x) =p, (2.11) 

where Sq{^,^) — C^Sga + Sga^" and = p^R. A field transforming as A^(^,^)c?^ under 

nonlinear SUSY is said to carry the standard realization [9]- [10]. 

In order to construct invariant actions, it proves convenient to introduce covariant deriva- 
tives. Towards this end, we define the Mauer-Cartan 1-form as 

{n-^dn){x) = n-\x,X,X,a)dx^di,n{x,X,X,a) (2.12) 

which, in light of Eq. (2.4), is invariant under the total variations: 

{Q-^dQy{x') = {Q-^dQ){x) . (2.13) 

Expanding the 1-form in terms of the translation, SUSY and R generators gives 

fl-\x, X, A, a)dQ{x, X, A, a) = i[-du^'{x)P^ + du^{x)Qa + dLjQ a{x)Q^ + du)R{x)R] . (2.14) 

The coefficient coordinate differentials are readily extracted as 

duj''{x) = dx^'A^ ''{x) 

dio^ix) = (ix''e-^"(^)a^A"(x) = dio''{x)e-'''^''^D^X"{x) = dio''{x)W ^X'^{x) 
diJjQ ^{x) = e^"(^)a^A«(x) = dui'{x)e'<^^D^X^{x) = c/a;'^(a;)V^A^(x) 
dujji{x) = dx^dna{x)du^{x)Dna{x) = dio^{x)V ^a{x) , (2-15) 

where [4] 

A^" = r]'; + zXd^,a''X. (2.16) 

Here we have defined the combined SUSY and R covariant derivatives: 

V^A"(x) = e-''^(^)D^A"(a;) 
V^A«(x) = e^'^^^^D^Xaix) 
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V^,a{x) = D^a{x) , (2.17) 

while 

= A-^ ^ (2.18) 

is the nonhnear SUSY covariant derivative. 

Prom the invariance of the Mauer-Cartan form, it follows that dcu^, V^^A, V^iA, V^a are 
all invariant under the total A- variations 

{dcu)' "{x') = dcvf^ix) 
(V^A)' «(x') = V.X'^ix) 
(V^A)'Jx') = V^A^(x) 

(V^a)'(a;') = V^a(x) . (2.19) 

Under the intrinsic nonlinear SUSY variations, Sq{^,^), the covariant derivatives, V^0\ 
transform as the standard realization, while being invariant under the intrinsic Sr{p) varia- 
tion: 

Sq{^, O(v^0O(^) = A^(e, O5,(v^0O(^) ; Sr{p){v,<i>'){x) = o . (2.20) 

The SUSY covariant derivative, -D^u also transform as the standard reahzation under the 
intrinsic (^-variations: 

^Q(e,OV^0'(x) = A'^(e,O^.(V^0'(x)) . (2.21) 

Using the A invariance of dco^ along with 

dr' ^ 

dx' = -^dx'' = cix"(r7^; - a.A'^) = dx'^G, , (2.22) 

it follows that 

A' ^ •'{x') = ^ ''(x)A, ^(x) 



' , ^{x') = , ''{x)G p >'{x) (2.23) 
producing the intrinsic variations: 

^{d^k\U))A,^ + k^{tl)d,A^^ 
^q{LI)A-^ u " = ^q{C,OA-' . ^{x) - Ax^d.A-' . ^ 
= -A-' . 'd,A^{^,0 + m,OdpA-' , 
det A ^detA A;' ^Sgit OA^ 

= a^[A^(e,0 det A] (2.24) 

and 

5r{p)A,'' = Q. (2.25) 
To construct invariant actions, note that the product ct^xdeiA is A invariant, 

det A!{x') = d^x det A{x) , (2.26) 
and thus can be viewed as a "vierbein" . It follows that the action 

j d'^xC{x) (2.27) 

with Lagrangian 

£ = detA 0(Va,VA,VA) (2.28) 

and O is any Lorentz singlet function is invariant under nonlinear SUSY as well as R- 
transformations. The leading terms in a derivative expansion of the Lagrangian are 

£ = -4^ det A -^-^deiAD^aD^a. (2.29) 

Here is the SUSY breaking scale and /„ is the i?-symmetry breaking scale. In general, 
these scales are independent. In the absence of the spontaneous R symmetry breaking and 
hence the R axion, this reduces to the Akulov-Volkov action [4], [11]. One can also include 
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a nonlinearly SUSY invariant but soft it!-symmetry breaking mass term by modifying the 
Lagrangian to be of the form 

C^-^detA -^detA D^aWa - \mlfl det A . (2.30) 

Note that L can alternatively be written by defining a "metric" 

g^""" = A-^ p ^j]f"'A-^ ^g""" (2.31) 



as 



I : P I — : 1 



C = -'-f^Jdet {-g) - ^ v'det {-g) B.ag^^d^a - -rnifl^det {-g) a' . (2.32) 
Here ■q'^'^ is the Minkowski space metric with signature (—1,1,1,1). 
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3. SYMMETRY CURRENTS 



For any variations Ax'*, S(f)^ (not just SUSY and R), one has 



where 



5£ 50^^ (3.1) 



J'n--ES^'^. (3.2) 



and the Euler-Lagrange derivative is 



Using 

SjC^AjC- Ax^df,/: = -d^[Ax^jC] + A£ + {d^Ax^)/! (3.4) 
and defining the Noether current 

Jf'^J'lif- Ax^jC (3.5) 

gives Noether's theorem 

d,J^ = -AL - (d.Ax^)/: + ^ 50^^ . (3.6) 
The general current form can be rewriten using the canonical energy-momentum tensor 

T^^ = -^S.4>'^,^'£C (3.7) 

as 

For the model described by the Lagrangian of Eq. (2.30), the conserved canonical energy- 
momentum tensor is simply 
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, = , ^£ + fl det A D^aA-^ ^'D^a (3.9) 

and satisfies 

d.T^r^^lZdA'^,. (3.10) 

Note that the energy-momentum tensor starts as a positive cosmological constant associated 
with the spontaneous SUSY breaking 

<0|T°°|0>=^. (3.11) 

Using the Noether construction, it is straightforward to obtain the form of the super- 
symmetry and R currents along with their (non-) conservation laws [12]. The conserved 
supersymmetry currents are 

= 2T'^.A'^(e,0, (3.12) 

where 

= 2iT'^ .(a'^A), ; = -2iT%(AO^ (3.13) 

and satisfy 

W(e,O = E'^Q(^.O0'^- (3.14) 
For the R-symmetry current, one extracts the current 

= fl det A A-^ ^^D^a - 2T^' ^{Xa^X) (3.15) 

whose divergence 

d,R' = niXdetAa + ^ + z(A"^ + ^A^) (3.16) 

displays the soft R symmetry breaking. 
Note that 
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T^'' = -rj^^'^i^ + ... (3.17) 

so that interpolates for the i?-axion field a, while the supersymmetry currents interpolate 
for the Goldstino fields A^, A^. 

In addition, C also possesses a softly broken (by the i?-axion mass term) shift symmetry 
[13] defined by 

S{Oa = C 
(^(OA" = 

5(C)A^ = 0. (3.18) 
The associated current and non-conservation equation are given by 

f^f^detAA^'^Wa (3.19) 

and 

d^f^mlf,detAa+^-^. (3.20) 

For the case of linearly realized supersymmetry, the various currents are components 
of a supercurrent [14]- [19] and are related via SUSY transformations. Under nonlinear 

supersymmetry, the currents transform as 

Sq{^, OR' = KCQ'. - QIC) + d,[K^{i, OR' - A'^(e, OR'] + ^'{t OdpR' 

SqiOOT' . = d,[m,OT' .-^'{^,0T' + A^{^,Od,T'' . . (3.21) 
Note that the terms 
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QaA^(e,e)] 



(3.22) 



are simply Belinfante improvements each being algebraically divergenceless. They can ab- 
sorbed into defining improved currents. 

Thus, under the nonhnear SUSY, transforms into Q^, and Q^, transforms into 

J,. This holds even though 

(i) a and A, A need not be SUSY partners in the underlying theory 

(ii) the dynamics responsible for SUSY breaking and R breaking may have different origins 
(ill) fs need not equal /„. 

Since they are related by SUSY transformations, there will be relations among R and SUSY 
current correlators. Moreover, since these currents interpolate for the i?-axion and Gold- 
stinos, the current correlator relations will translate into relations among Green functions 
(and S-matrix elements) containing i?-axions and Goldstinos. 

In closing this section, note that the softly broken i?-axion shift symmetry current, j'^, 
has the nonlinear SUSY transformation law 



which is just a sum of the Behnfante improvement term and the divergence of j'^ itself. 



sq{c, Of = M^'ic, Of - A^(e, Of] + A^(e, odpf 



(3.23) 
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4. SUPERCONFORMAL VARIATIONS AND RELATIONS AMONG 

SYMMETRY BREAKINGS 



For linear realizations of supersymmetry, not only are the R current, supersymmetry 
currents and the energy momentum tensor related by supersymmetry transformations, but 
the exphcit breakings of the R and dilatation symmetries are related via SUSY transfor- 
mations to the breaking of the superconformal symmetry. In this section, we examine the 
analog of this connection for nonlinear SUSY. 

Our first step is to construct the intrinsic variations [20] of the R axion and Goldstino 
fields which satisfy the (graded) superconformal algebra [21], [22] 

[SD,5Mfj.u] = ; [Sd,Sp^j] = 5p^ ; [SoiSKfi] = -8k^i 



where 5pp, = dp,,5Mixvi^Kn are the translation, angular momentum and special conformal 




{^5a, 5sa} 
{^Qa, 5sa} 



(4.1) 



variations respectively and 5sa-, ^Sa are the superconformal variations. Note that the angular 



momentum variations also satisfy 
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[^Mnu,5Qa] = -i^a'^" '^5qp ; [^Mnu.Sqa] ^ -i]^a^^^5^ (4.2) 

After some straightforward, but rather tedious algebra, the (intrinsic) superconformal 
variations of the Nambu-Goldstone fields are extracted as 

5saa = 3Aa - {i{a''ai'\)ax, - 2A„(A(7'^A)) d^a 
5sa^^ = 4iA°A^ - (z(c7'^a^A)„x^ - 2A„(Aa^A)) a^A^ 

5sa\^ = -x^'at - 2^A"A'^ - (z(a^a'^A),x, - 2A«(Aa^A)) d^Xf" (4.3) 

5saa = 3A" - (-i{\a^'a'')aX^ - 2\^{\a\)) d^a 
Ss^X(^ = x^af + 2?;A"A^ - (-i(Aa^(j^)^x^ - 2A^(Aa^A)) d^Xf^ 
5saX^ = -4iA"A^ - [-i{Xa''a'')aX^, - 2Xa{Xa^'X)) d^X^ (4.4) 

Notice that the superconformal symmetries are also spontaneously broken, but the asso- 
ciated Nambu-Goldstone fermions, Ag , Ag are not independent degrees of freedom. Rather, 
one finds that 

Ag = -J(^'^9,A)" + - 

Xl^-\id,Xan^ + ... (4.5) 

so that 

SsaXl^S^^ + ... ; 5saXi^-S^^ + .... (4.6) 

The fact that there can be spontaneously broken spacetime symmetries without independent 
Nambu-Goldstone fields is not in conflict with Goldstone's theorem [23] which guarentees an 
independent Nambu-Goldstone field for every spontaneously broken global symmetry [24]- 
[28]. 

For the dilatation variations, one finds 
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5do, — x^dfj,a 

SoX'^^i-l + x^d^yX'', (4.7) 

which corresponds to a hnear representation. 

RecaUing that the intrinsic and total variations are related as 

54>' = Acf)' - Ax^d^cl)' , (4.8) 

we extract the total (A) scale variations corresponding to the spacetime scaling 
Adx^^ — —x^ as 

Aoa = ; AdA" = -^A" ; A^^A^ = -^A« (4.9) 
which fixes the scaling weights as 

4 = ; dx^d-^ = ~. (4.10) 

It follows that 

AdC = -fl det A D^aD^^a . (4.11) 

In fact, the Nambu-Goldstone particle associated with any spontaneously broken symmetry 
which commutes with the dilatation charge is constrained to have scaling weight zero [29]. 
With the variations in hand, the dilatation current is readily constructed as 

V^'^x'^T^'^. (4.12) 

Its divergence 

^A, ^r% + x^a,T%-l(A"^-^A'^) 
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exhibits the exphcit scale symmetry breaking. Note that there are independent breakings 
arising from the spontaneous SUSY breaking scale, fs, the spontaneous R symmetry breaking 
scale, fa, and the soft R symmetry breaking mass term, rua. Under SUSY, the dilatation 
current transforms as 

+ A'^{C,OdpVr (4.14) 

The special conformal intrinsic variations take the form 

Sk^g = -3A(7^A + [rj;x'' - 2x''x^ + ?7;:(AA)(AA)) d^a 
<Ji^/.A" = {x^ - 2^Aa^A)A" - ix'^ia^AT + - ^^"^f. + ^;:(AA)(AA)) a,A" 
Ski^X^ = {x^ - 2iAc7^A)A^ - ix^ia^^X)^ + (r^^ - 2x^x^ + ?7;:(AA)(AA)) dJX' (4.15) 

while the associated special conformal total variations of the fields are 

^KiiO- = -3A(T^A 
A^^A" = {x^ - 2iAa^A)A" - ix^'ia^.^XY 

Ai,^A" = {x^ - 2zA(7^A)A" - ix''{a^JXf (4.16) 

while the spacetime point varies as 

= -{T]y - 2x^x^) - nl{XX){XX) (4.17) 

Note that realizing the supersymmctry nonlinearly requires that the special conformal tran- 
formations be nonlinearly realized. This is reminiscent of the situation which occurs in the 
couphng of gauge fields with nonlinearly reahzed SUSY. In that case, if one demands that 
the gauge field transforms as a nonlinear SUSY standard realization, then its gauge trans- 
formation is nonstandard [10]. Note, however, that neither the special conformal nor the 
dilatation symmetries are spontaneously broken in this realization. 

From the intrinsic super conformal variations (c.f. Eqs. (4.3)-(4.4)), the total (A) super- 
conformal variations are immediately gleaned as 
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As^A'^ = 4iA°A^ ; A^^A^ = + 2iA'^A^ 

AsaA'^ = - 2iA"A^ ; A^dA^^ = -4iA"A'^ (4.18) 
with the superconformal variations of the spacetime point given by 

Asax^ = -i{Xa^'(j'')^x, - 2X^{XaX) (4.19) 

The superconformal currents are now readily computed as 

5'^(r/,^)=r/«5^ + ^^r7" 

= g'^(w%, ^Vp) + (^A + f/A) {2^^ + f) 

- [{n^TQ^^ + Q^.a{^''r]f]xu + (r]A + n^R^ + j'') . (4.20) 
Under nonlinear SUSY, the superconformal currents transform as 

5Q(e, l)s^{r,, f,) = 3(77? + m)R' + Hv^ - nlw 

-{ia^^r^ + m'^^m^ + d,[M{i, OS'irj, fj) 

-A'^(e, fj)] + A'^(e, ry) , (4.21) 

where the conserved angular momentum tensor is 

and the angular momentum variations are 

Smui^X" = {Xf,d^ - x^d^)X°' + ^{(J^cuX)" 

Smi.uX'' = {x^d, - x,a^)A" + ^(a^.A)" . (4.22) 
Taking the divergence of Eq. (4.21) yields 
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-i^a'^'^T) + fja'^^Od.M^ + d,m^, OduS^iv, f})] . (4.23) 

Thus the divergence of the i?-symmetry current and the divergence of the dilatation cur- 
rent are tied to the divergence of the superconformal current through a nonlinear SUSY 
transformation. Since the divergences of these currents give the explicit breakings of these 
symmetries in the action, these breakings are also related via the nonlinear SUSY transfor- 
mation. 

This work was supported in part by the U.S. Department of Energy under grant DE-FG02- 
91ER40681A29 (Task B). 
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